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Abstract 

We give an explicit formula for the difference between the standard and reduced genus-one 
Gromov-Witten invariants. Combined with previous work on geometric properties of the latter, 
this paper makes it possible to compute the standard genus-one GW-invariants of complete 
intersections. In particular, we obtain a closed formula for the genus-one GW-invariants of a 
Calabi-Yau projective hypersurface and verify a recent mirror symmetry prediction for a scxtic 
fourfold as a special case. 
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1 Introduction 

Gromov-Witten invariants are counts of holomorphic curves in symplectic manifolds that play 
prominent roles in string theory, symplectic topology, and algebraic geometry. A variety of pre- 
dictions concerning these invariants have arisen from string theory, only some of which have been 
verified mathematically. These invariants are generally difficult to compute, especially in positive 
genera. For example, the 1991 prediction of [CaDGP] for the genus-zero GW-invariants of the 
quintic threefold was mathematically confirmed in the mid-1990s, while even low-degree cases of 
the 1993 prediction of [BCOV] for its genus-one GW-invariants remained unaccessible for another 
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seven years. 



In contrast to the genus-zero case, the expected hyperplane (or hyperplane-section) relation be- 
tween GW-invariants of a complete intersection and those of the ambient space do not hold in 
positive genera; see Subsection 1.2 in [Z5] for more details. This issue is entirely avoided in [Ga] 
and [MPal] by approaching GW-invariants of complete intersections through degeneration tech- 
niques. The methods of [Ga] and [MPal] can be used for low-degree checks of [BCOV], but they 
do not seem to provide a ready platform for an application of combinatorial techniques as in the 
genus-zero case. In contrast, the failure of the expected hyperplane relation for genus-one invari- 
ants is addressed in [Z3] and [LZ] by defining reduced genus-one GW-invariants and showing that 
these invariants do satisfy the hyperplane relation, respectively. Combined with [VaZ], this last 
approach provides a platform suitable for an application of combinatorial techniques (the classical 
localization theorem) and has led to a closed formula for the reduced GW-invariants of a Calabi- 
Yau projective hypersurface; see [Z5]. For symplectic manifolds of real dimension six, the standard 
and reduced genus-one GW-invariants without descendants differ by a multiple of the genus-zero 
GW-invariant.^ The prediction of [BCOV] is thus fully verified in [Z5] as a special case. 

Remark: The ranges of applicability of the two degeneration methods and of the reduced-invariants 
method arc very different, with a relatively limited overlap. The wider-ranging degeneration 
method, that of [MPal], can in principle be used to compute arbitrary-genus GW-invariants of 
low-degree low-dimension complete intersections. While the computation in each case is generally 
difficult, this method has been used to compute genus-one and genus-two GW-invariants of the 
Enriques Calabi-Yau threefold; see [MPa2]. On the other hand, the reduced-invariants method 
applies to arbitrary complete intersections, but at this point in the genus-one case only. 

In theory, reduced genus-one GW-invariants are not new invariants, as by Proposition 3.1 in [Z3] 
the difference between these invariants and the standard ones is some combination of genus-zero 
GW-invariants. However, this is not part of the definition of reduced genus-one invariants and 
the relation described by Proposition 3.1 in [Z3] is not convenient for immediate applications; see 
Proposition 3.2 below. In this paper, we determine an explicit relation; see Theorems lA and IB. 
Combining this relation with the closed formula for the reduced genus-one GW-invariants of a 
Calabi-Yau hypersurface derived in [Z5], we then obtain a closed formula for the standard genus- 
one GW-invariants of a Calabi-Yau hypersurface; see Theorem 2. The mirror symmetry prediction 
of [KPa] for a sextic fourfold is confirmed by the n = 6 case of Theorem 2. The n > 6 cases of 
Theorem 2 go beyond even predictions, as far as the author is aware. 

It is interesting to observe that only one boundary stratum of a partially regularized moduli space 
of genus-one stable maps accounts for the difference between the standard and reduced genus-one 
GW-invariants without descendants. This implies that if X is a sufficiently regular almost Kahler 
manifold (e.g. a low-degree projective hypersurface), only two strata of the moduli space 97ti^fc(X, /3) 
of degree-/? genus-one stable maps to X with k marked points contribute to the genus-one GW- 
invariants without descendants: 

(i) the main stratum Wl^j^{X,P) consisting of stable maps from smooth domains; 

'^For the purposes of this statement, all three GW-invariants are viewed as linear functionals on the same vector 
space (consisting of tuples of homology elements in the manifold). 
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Figure 1: Generic elements of 93l};J(X, /?), OJt?; J (X, /3) , and 9[n}J(X, /3)n9Jl?;J(X, /3), respectively; 

the lines and curves represent the components of the domain of a stable map and the pair of integers 
next to each component indicates the genus of the component and the degree of the map on the 
component. 



(ii) the stratum Tl^'^{X,/3) consisting of stable maps from a union of a smooth genus-one curve 
and a P^, with the map constant on the genus-one curve and with all k marked points lying 
on the latter; see the first diagram in Figure 1. 

At a first glance, this statement may seem to contradict reality, as well as Theorems lA and IB. 

For example, if n > 4, the formula for the difference in Theorems lA and IB involves the GW- 
invariant GW^g 0) that counts two-component rational curves; this is consistent with [KPa]. This 

term may appear to arise from the stratum 9Jt^'^(X, /?) of OJti.fc(X, /?) consisting of maps from a 
smooth genus-one curve Cp with two P-'^'s attached directly to Cp so that the map is constant on Cp; 
see the middle diagram in Figure 1. In fact, GW^2 0) arises from a homology class on 9Jlo,jk+i(X, /3), 

or equivalently from the closure of a boundary stratum of 9Jt^|^(X, /3). This boundary stratum is 
the intersection of 93t|'^(X, /?) with 9Jl^'^(X, /3); see the last diagram in Figure 1. 

After setting up notation for GW-invariants in Subsection 2.1, we state the main theorem of this 
paper is Subsection 2.2. Theorem lA expresses the difference between the standard and reduced 
genus-one GW-invariants as a linear combination of genus-zero invariants. The coefficients in this 
linear combination are top intersections of tautological classes on the blowups of moduli spaces 
of genus-one curves constructed in Subsection 2.3 in [VaZ] and reviewed in Subsection 3.1 below. 
These are computable through the recursions obtained in [Z4] and restated in Subsection 2.2 be- 
low; (2.9) gives an explicit formula for these coefficients when no descendants are involved. We 
then deduce a more compact version of Theorem lA; Theorem IB involves certain (un-)twisted 
'(/'-classes and coefficients that satisfy simpler recursions than the coefficients in Theorem lA. The 
descendant-free case of Theorem IB, (2.15), is used in Subsection 2.3 to obtain a closed formula 
for the difference between the two genus-one GW-invariants of a Calabi-Yau hypersurface from a 
closed formula for its genus-zero GW-invariants obtained in [MirSyni]; sec Lemma 2.2. Using a 
closed formula for the reduced genus-one GW-invariants of such a hypersurface derived in [Z5], we 
thus obtain a closed formula for its standard genus-one GW-invariants. 

Theorem lA is proved in Section 3. In addition to reviewing the blowup construction of Subsec- 
tion 2.3 in [VaZ], Subsection 3.1 describes natural bundle homomorphisms over moduli spaces of 
genus-one curves and their twisted versions. These are used to describe the difference between 
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the two genus-one GW-invariants in Subsection 3.3 and to compute it explicitly in Subsection 3.4, 
respectively. The blowup construction of Subsection 2.4 in [VaZ] for moduli spaces of genus- zero 
curves is used in Subsection 3.2 to obtain a formula for top intersections of tautological classes on 
blowups of moduli spaces of genus-one curves; Proposition 3.1 is used at the end of Subsection 3.4. 
Subsection 3.3 reviews the relevant aspects of [Z3], concluding with a description of the difference 
between the two genus-one GW-invariants; see Proposition 3.2. This difference can be computed 
explicitly through the direct, but rather involved, setup of [Z2]. Subsection 3.4 instead presents a 
more conceptual approach motivated by the blowup construction of Section 3 in [VaZ] for moduli 
spaces of genus-zero maps. 

The author would like to thank J. Li for first drawing the author's attention to the issue of 
computing genus-one GW-invariants of projective hypersurfaces and R. Pandharipande for pointing 
out the mirror symmetry prediction for a sextic fourfold in [KPa]. 

2 Overview 

2.1 Gromov-Witten Invariants 

Let {X, LO, J') be a compact symplcctic manifold with a compatible almost complex structure. If 
g,k€7,'^ are nonnegative integers and (5&H2{X;Z), we denote by 9Jtp^fc(X, /3; J') the moduli space 
of genus-g' degree-/? jT-holomorphic maps into X with k marked points. For each j = 1, . . . ,k, let 

eYj:mg,k{X,p;J)^X 

be the evaluation map at the _7th marked point and let 

be the first chern class of the universal cotangent line bundle at the jth marked point. More 
generally, if J is a finite set, we denote by Tlo,j{X, P; J) the moduli space of genus-0 degree-/? 
J'-holomorphic maps into X with marked points indexed by the set J and by 

ev,- : Mo,j(X, (3; J) X, e po, /?; J)) , V j G J, 

the corresponding evaluation maps and -^-classes. If /? 7^ 0, for each J' C J there is a well-defined 
forgetful map 

fj,:mo,j(,X,P;J)^mo,j-j'(,X,f5;J), 

obtained by dropping the marked points indexed by J' from the domain of every stable map in 
dJto^j{X, P; J') and contracting the unstable components of the resulting map. Let 

i^j = rj_ji^j e H^{m^,jiX,P;J)) 

be the untwisted jth ^/i-class. 

We also define moduli spaces of tuples of genus-zero stable maps. If rnGZ"*", let 

[m] = l<i<m}. 
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If m€Z^ and J is a finite set, we define 

f i=m 

m^^^j){X,P;J) = i (60igH G n^o,{o}uj,(^,A;J^): Ae^2(X;Z)-{0}, JiCJ; 
^ 1=1 

i=m i=m 

^f3i = P, \_\ Ji = J, evo(5i)=evo(6i') \/i,i'€[m] L 

There is a well-defined evaluation map 

evo: m(^rn,j){X,P;J) — ' X, {bi)ie[m] — ^ evoih), 
where i is any element of [m] . For each i G [m] , let 

, {0}U J"i 

PieH2{X;Z) JiCJ 

be the projection onto the zth component. If pGZ+, we define 

to be the sums of all degree-p monomials in 

{'!T*ijjo: ie[m]} and {T^tipo' ^G[m]}, 
respectively. For example, if m = 2, 

The symmetric group on m elements, Sm, acts on 9Jt(j„ /?; ^7) by permuting the elements of 
each m-tuple of stable maps. Let 

^(m,J){X,P',J) =^{m,J){X,f^\J)/ Sm- 

Since the map evo and the cohomology classes r]q and fjq on 93t(^ j) (X, /?; J") are S^-invariant, they 
descendant to the quotient: 

evo : ^(m, J) {X, (3-J)^X and r/^, 7?g G j) (X, /3; J)) . 

The constructions of [FOn] and [LT] endow 

mg,k{X,l3-J), J), and j) (X, /?; J) 

with virtual fundamental classes (VFCs). If the real dimension of X is 2n, the first VFC is of real 
dimension 

2dim"'^Mg,fe(X,/?; J) = 2dim5,fc(X,/3) = 2((ci(rX), /3) + (n-3)(l-5) + fe) . (2.1) 
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The other two VFCs arc of real dimension 

2dim-'-M(„,j)(X,/3; J) = 2dim«'^Z(™,j)(X,/3; J) 

= 2 dim(^, J) {X, (3) = 2 (dimo,| j| (X, /?) + 3 - 2m) . 

The VFC for M^rn,j){X, P; J) is obtained from the VFCs for Mo,{o}uJi(^, A; ^) via the usual 
method of a Kunneth decomposition of the (small) diagonal (e.g. as in the proof of commutativity 
of the quantum product). The VFC for j)(X, /?; JT") is the homology class induced from the 
S'^-action on 9?t(^_j)(X,/3; J). 

For each tuple 

fi={ci,...,Ck;tii,...,l^k) e (Z+)*^ e H*{X; %f (2.3) 

j=fc 

s.t. = ^ (2ci + deg/Xi) = 2dimi,jfc(X,/3), (2.4) 

let 

GWf^,(M) = <(^rev>i) . . . (Vfe'^ev^Mfe), pi,fc(X,/3; J7)]"'''> and 

GWf°(M) ^ ((V^?cvt/.i) . . . (^^.^ev^^fe), p°,(X,/3; J)]''^'-) 

be the standard and reduced genus-one degree-/? GW-invariants of X corresponding to the tuple /x. 
The latter is constructed in [Z3]. The exact definition of either invariant is not essential for the 
purposes of Section 3, as our starting point will be Proposition 3.1 in [Z3], restated as Proposi- 
tion 3.2 below, which gives a description of the difference between the two invariants. 

If /X is as in (2.3), mGZ+, and Jc[/s], let 

/"J = H'^^' ^ ^*(^'^^' VJ{^i) = ^Y^Cj, dm,j{l^) = n-2m-\J\+pj{n). (2.5) 

If |/x| = 2dimi,fe(X,/3), then 

deg ((ev^MjH (€'^^>i)) n [^{m,[k]-J){X,P;J)Y''') = 2dm,j{t^). (2-6) 

Thus, whenever p-fg = 2(i„,j(/i), r]eH'^P{Z^rn,[k]-J){X, P; J)), and iioeH^i{X;Z), we define 

2.2 Main Theorem 

The description of Proposition 3.1 in [Z3] implies that the difference between GW^^,(/i) and 
GW^'^(/i) is some linear combination of the invariants GW^^^ (r/p, Cq(TX); ^u) or equivalently 
of GW^^^ J J fip,Cq{TX); jjL^ . The coefficients should be sums of products of top intersections of 
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tautological classes on moduli spaces of genus-zero and genus-one curves, Mg,N- The simplest ex- 
pressions in the first case, however, appear to be given by Hodge numbers on the blowups A^i,([m],J) 
i,m+\J\ constructed in Subsection 2.3 in [VaZ] and involve the universal ^-class 

obtained by twisting the Hodge line bundle E; see Subsection 3.1 below. 

Thus, given finite sets I and J, not both empty, and a tuple of integers (c, (cj)jGj), we define 

<c; (c,-),-eJ>(,,^) = {¥ • n^*^?' [^W)]) e (2-7) 

where tt: A^i^^^j^j) — ^A^i,[fc]uj is the blow-down map. If c+^^gjCj 7^ |I| + 1 J|, c<0, or Cj<0 for 
some jG J, the number in (2.7) is zero. By Theorem 1.1 in [Z4], the numbers (2.7) satisfy: 

(i?l) If i* G / and Cj > for all j G J, 

(c; (ci)ieJ>(j_j) = (c; {cj)jej)^j_i,^jui*y 

{R2) If Cj* =0 for some j* G J, 

<c; (ci)ieJ>g,j) = \I\{c-l; (ci)jGj-{i.}>(j,j_j*) + 1^ (c; cj-l, (c/)/eJ-{i*,i}>(/,j_j.)- 

Along with the relation 

(m—lV 

<0;M^>(o,H) " (V'l-.-^m, [M^,m\) = (2.8) 

m 

which follows from the usual dilaton relation (see [MirSym, Section 26.2]), the two recursions 
completely determine the numbers (2.7). In particular, 

(l^l + l<^l;0>(7,.) - (^'"+'"' = ^ • lili-^l • (|/|-i)!; (2.9) 

see Corollary 1.2 in [Z4]. 

Theorem lA // {X,lo) is a compact symplectic manifold of real dimension 2n, k G Z+, /? G 
H2{X;Z) — Q, and fi is as in (2.3) and (2.4), then 

GWf,,(/x)-GWf;°(/x)= E ((-l)"^^'^'"'^^'^n^+l^|-f^(/^);(c.).-e^)(H,J) 

meZ+ JC{k] ^ 

^^A.) (2.10) 

p=0 
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The sum in (2.10) is finite because /?; JT') is empty if {u},(3)/m is smaller than the 

minimal energy of a non-constant j7-holomorphic map S'^ — ^ X. Therefore, GW^^ is zero if 
{u,j3)/m is smaller than the minimal energy of a non-constant ^7-holomorphic map — >X for 
any a;-compatible almost complex structure J. Theorem lA is proved in Section 3. 

We next express GW^ ^ (/x) — GW^'^ (/i) in terms of the numbers GW^^^ j^{r}p,Cq{TX); ji) . If J is a 
finite set, c = (cj)jgj is a J-tuple of integers, and JqCJ, let 

pjo(c) = ^cje z. 

jeJo 

If in addition mGZ"*", we define 

/ I 7.|_1 \ 

e^,.(c) = Y: (-ir+'^°i-^^o('=) n iil J(™+l^l-^>^o(c);(c,k.o)(H,Jo)' (2.11) 

Uf=0 ''i 

^^^^^ ((ci)iGjJ ~ ((ci)jeJ., -m(c)) ^"^^ ((o)""^' 

The multinomial coefficients above appear as Hodge numbers on Alo,|Ji|+2- 
Along with the relation 

^ ).( ^^-1 )J ( V 

Ci,C2,...,qy Vci-l,C2, Vci,C2-l,C3,...,Qy Vci, C2, ■ ■ ■ , q - 1/ 

the recursions (i21) and (i?2) imply that the numbers in (2.11) satisfy 
(^1) If m > 1 and Cj > 1 for all j G J, 

0m,j((Cj)jGj) = -("l-l)0m-l,j((Cj)jGj) + X] ^'"-l''^ ("^^ ~ ^'^j' ^j'G-^-j) ! 

(^2) If Cj. = for some f G J, 
Along with the relation 

©1,0(0) = 

which follows from (2.8), (-R1) and {R2) are sufficient to determine 0j„^j((cj)jgj) in many cases. 
In particular, 

o _ (-l)"'(m-l)! [l. itq = OVj; 
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The original recursions (Rl) and (-R2) are sufficient to compute Qm,j{{cj)jej) in all cases. However, 
it is more convenient to make use of the remaining relation of Theorem 1.1 in [Z4]: if cj* = 1 for 
some j* G J, then 

<c; (c.).eJ>(,,^) = + - l)(c; {cj)jej-j')^j^j_j.y (2.13) 
This gives us a third relation for the numbers (2.11): 
(^3) If Cj* = 1 for some j* G J, 

®m,j{{cj)jej) = {rn+\J\-l)Qm,j-j*{{cj)jeJ-j-)- 

The three relations (^l)-(^3), along with the initial condition 6i,0() = —1/24, determine the 
numbers Qm,j{c) completely. 

Theorem IB // {X,uj) is a compact symplectic manifold of real dimension 2n, A; G Z"*", /? G 
H2{X;'Z) — 0, and /x is as in (2.3) and (2.4), then 




(2.14) 



This theorem follows immediately from Theorem lA above and Lemma 2.1 below. In turn, the 
latter follows from Lemma 2.2.1 and Subsection 3.2 in [Pa]; see also Subsection 3.3 in [Z2].^ 

Lemma 2.1 Suppose {X,lo) is a compact symplectic manifold of real dimension 2n, A;GZ+, /? G 
H2{X;Z)-0, and n is as in (2.3) and (2.4). IfmeZ+, peZ+, and Jc[k], 

GWf^,.)('?P>^c^.,,(.)-p(TX);M)= Yl ( n (let]) 

JCJ'C[m]^ j'-j=\jiZTJi 



^Lemma 2.1 is a consequence of the following identities. If JoC J is nonempty, let Djq C9Jlo,ouj(X, /3; J") be the 
(virtual) divisor whose (virtually) generic element is a map from a union of two P^'s, one of which is contracted and 
carries the marked points indexed by the set OUJo. In particular, 

Djg « A^o,{o,i}uJo ^ ^o,ou(j-jo){X,(3;J). 
If TTp and ttb are the two component projection maps, then 
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The advantage of Theorem IB over Theorem lA is that the coefficients of the genus-zero GW- 
invariants in (2.14) satisfy simpler recursions and are more likely to vanish, due to (2.12). For 
example, if Cj=0 for all j, i.e. there are no descendant classes involved, (2.14) reduces to 

2m<TL ^ n—2m \ 

GWf_,(/.)-GWf°(/x) = 24 E ((-l)"^(m-l)!EGWf^0)(,7p,c„-2^-p(rX);/x) . (2.15) 

m=l ^ p=0 ^ 

This formula looks remarkably similar to the formula for the correction term in Theorem 1.1 in [Z2] 
enumerating one-nodal rational curves.^ This is not too surprising as both expressions arise from 
counting zeros of analogous affine bundle maps; see Subsection 3.4. 



2.3 Genus-One GW-Inveiriants of Calabi-Yau Hypersurfaces 

The essence of mirror symmetric predictions for GW-invariants of Calabi-Yau manifolds is that 
these invariants can be expressed in terms of certain hypergeometric series. In this subsection, we 
deduce a mirror symmetry type of formula for the standard genus-one GW-invariants of Calabi-Yau 
projective hypersurfaces from a formula for the reduced genus-one GW-invariants obtained in [Z5], 
(2.14), and a formula for genus-zero GW-invariants obtained in Chapter 30 of [MirSym]. In partic- 
ular, we show that the difference between the two invariants, i.e. (2.14), simply cancels the last term 
in Corollary 3.4 in [Z5]. The n<5 cases of Theorem 2 below have already been obtained [Z5], with 
the n = 5 case confirming the prediction of [BCOV] . The n = 6 case confirms the prediction of [KPa] . 

Fix an integer n > 3 and let X C P"~^ be a smooth degrec-n hypcrsurface. In this case, d\^Q{X^ /?) = 
for every peH2{X;Z). For each deZ+, denote by Nf{X)eQ and iVf'°(X) eQ the standard and 
reduced degree-d genus-one GW-invariant of XcP"""^, i.e. the sum of GW^q(0) and GW^q(0), 
respectively, over all P lying in the preimage of di under the natural homomorphism 

where ieH2(P'"~^;7,) is the homology class of the line. 
For each q = Q,l, . . ., define Io,q{t) by 

oo oo Y-rr=nd/ , \ 

Each Io,qit) is a degree-g polynomial in t with coefficients that are power series in e*. For example, 

M«) = i+i:.-"g21 m = mt) + ±e-(^^Y:^). (2.17) 

d=l ^ d=l r=d+l ^ 

For p,qGZ^ with q>p, let 

dt \ip_i,p_i(t) 



ipAt)=i( y"''^'l ]- (2-18) 



^In [7,2], the meanings of rip and fjp are reversed. 
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It is straightforward to clieck that each of the "diagonal" terms Ip,p{t) is a power series in e* with 
constant term 1, whenever it is defined; see [ZaZ], for example. Thus, the division in (2.18) is 
well-defined for all p. Proposition 3.1 in [Z5] describes a number of relations between the power 
series Ip,p{t). Let 

r = (2.19) 

-'0,0 (cj 

By (2.17), the map t — >T is a change of variables; it will be called the mirror map. 

Theorem 2 The genus-one degree-d Gromov-Witten invariants of a degree-n hypersurface X in 
pn-i ^j,g given by 

2^e N,{X)-\^ + ^-^ (T-t) + — ln/o,o(i) 

d=l ^ ^ 



^ln(l-nV) +Er=o ^^^^^^^ln/p,p(t), ^/2K 

I 48 ■ 

where t and T are related by the mirror map (2.19). 



In (l-n"e*) + Y}^^" (""^^^^r'"'"^ ^^h^tl ^/2|n, 



The distinction between the n odd and n even cases appears because the formula of Corollary 3.4 
in [Z5]^ uses the reflection symmetry property of Proposition 3.1 in [Z5] to reduce the number of 
different power series Ip^p used. A uniform formula can be obtained from Theorem 3.3 in [Z5]. 

Let R{w,t)=R{w,t)/Iofi{t). Then, e~'^^R{w,t) is a power series with e*-constant term 1 and 

for all p G Z+ with p>2. Theorem 2 follows immediately from Corollary 3.4 in [Z5], (2.14), and 
the following lemma. Note that since dimX = ri— 2 and k = 0, (2.15) can be written as 



n-2 2m<p 

iVf(X)-iVf°(X) = E (-ir(rn-l)!GW^„_0)(77p_2^,c,_2-p(rX);0). 



p=2 m=l 

Lemma 2.2 //XcP"~^ is a degree-n hypersurface, x € H"^ {F"'~^ ; Z) is the hyperplane class, and 
p,qeZ+ with2<p<n-2, 

oo / 2in<p \ 

^e'^^ ^ (-l)™(m-l)!GWf^,0)(r?p_2„,x'^-2-f;0) = -nP^ lni?(^«, i) (2.21) 
d=l \ m=l ) 

if T and t are related by the mirror map (2.19). 



''it states that Yl'^=i e'*^iVj*'°(X) is given by the expression in Theorem 2 plus 
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The relation (2.20) is immediate from c(TF" ^) = (l+x)". We deduce (2.21) below from the con- 
clusion of Chapter 30 in [MirSym]. 

Let il be the universal curve over Tl(^m,<D)(^"'~^ j d), with structure map tt and evaluation map ev: 

il ^P"-i 



9Jt(^,0)(F"-i,a!). 

In other words, the fiber of vr over a tuple ([Cj, is the wedge of curves Cj identified at the 

marked point xq of each of the curves, while 

ev{[{Ci,Ui)i^[jn],z]) =Ui{z) if zeCi. 

The orbi-sheaf 

7r.ev*Op„-i (n) M(^,0) (P"-\ d) 
is locally free, i.e. is the sheaf of (holomorphic) sections of a vector orbi-bundle 

V(^,0) ^M(^,0)(P"-\d). 

By the (genus-zero) hyperplane-section relation, 

(m-l)!GW^^^0)(77p-2m,x"-2-^;0) = ^(7?p-2mevSx-2-fe(V(„,0)), p(^,0)(P"-\ d)] ). (2.22) 
The m=l case of (2.22) is completely standard, and the same argument applies in all cases. 

There is a natural surjective bundle homomorphism 

evo: V(i,0) — ^ ev^Op„-i(n), {[C,u,$,]) — ^ ^{xq{C)), 

over M(l_0)(P"-^d)=Mo,{o}(P"~^^^)• Thus, 

V('i^0) = kerevo M(i,0)(P"-\ d) 
is a vector orbi-bundle. It is straightforward to see that 

e(V(^,0)) = nevSx J] ^^(ifi))- (2-23) 
1=1 

For each rGZ+, let 

oo 

Zr{e^) = J2 e'^iVoeyo^'"'-' e(V('i,0)), [M(i,0)(P"-\ d)]>. 

d=l 

Using the string relation (see [MirSym, Section 26.3]), the conclusion of Chapter 30 in [MirSym] 
can be reformulated as 

e^^ (l + J2Zr{e^)w^+A = R{w, t) G Q[w] [ [e*] ] /u;", (2.24) 
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with T and t related by the mirror map (2.19) as before. 

We now verify (2.21). By (2.22), (2.23), and the decomposition along the small diagonal in (P""^)"^, 
the left-hand side of (2.21) equals 

oo /2m<p, i=m „(yl \ 

"E-"" E ^ -^"-'-'n<T^.R»..«)('-'.'')i 

d=l V m=l ^ i=l ^ ^0 

2m<p , oo i=m \ 

="i:^E''°' E E n(-i;-"-'-"4^. »".,.)(••"-'. ")] 

dj>0 Pi>0 

2m<p , i=m / n— 3 n 

= n$:^^ E n^P.-2(e^) = -n2^^1n(l + E^.(e>^+^)- 

m — 1 — \i—m, i' — 1 ^ v — n ' 



i>2 



The relation (2.21) now follows from (2.24). 

3 Proof of Theorem lA 

3.1 Blowups of Moduli Spaces of Genus-One Curves 

In this subsection we review some aspects of the blowup construction of Subsection 2.3 in [VaZ] 
and add new ones, which will be used in Subsection 3.4. 

If 7 is a finite set, let 

Ai{I) = {{lp,{Ik:k€K}):K^(ll; 1= |J 4; |4| >2 VfeGK}. (3.1) 

k&{P}uK 

Here P stands for "principal" (component). If p = {Ip,{Ik ■ k £ K}) is an element of Ai{I), we 
denote by Mi^p the subset of Mij consisting of the stable curves C such that 

(i) C is a union of a smooth torus and \K\ projective lines, indexed by K; 

(ii) each line is attached directly to the torus; 

(iii) for each k£K, the marked points on the line corresponding to k are indexed by I^- 
For example, the first diagram in Figure 2 shows an element of Mi^p with 

P = {{k,i2}, {{i3,i4,h,ie}, {*7,i8,«9}}); 

the number next to each component indicates the genus. Let Ali,p be the closure of A^i,p in A4ij. 
It is well-known that each space is a smooth subvariety of A4ij. 

We define a partial ordering on the set ^i(/)U{(/, 0)} by setting 

p'={l'p,{l'„:keK'}) ^p={lp,{Ik:keK}) (3.2) 

if p' ^ p and there exists a map (p : K — > K' such that Ik C ^^(^^ for all k(zK. This condition means 
that the elements of A4i,p' can be obtained from the elements of ■Mi,p by moving more points onto 
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Ip = {i„i2},K={l,2} 

h = {i3, h, k, k}, h = {ij, k, k} 



Figure 2: Examples of partial ordering (3.2) 



the bubble components or combining the bubble components; see Figure 2. 

Let / and J be finite sets such that / is not empty and |/| + | J| >2. We put 

Alii, J) = {{{IpUjp),{IkUJk: keK})eAiiluJ): h^%^keK}. 

We note that if yoGv4i(IUJ), then pG>Ai(/, J) if and only if every bubble component of an element 
of Mi^p carries at least one element of /. The partially ordered set {Ai{I , J) ., ~<) has a unique 
minimal element 

Pmin = (0,{/Uj}). 

Let < be an ordering on Ai{I, J) extending the partial ordering -<. We denote the corresponding 
maximal element by pmax- If p^Ai{I, J), define 

imax{p'eAi{I,J): p'<p}, itp^Pmin, 

\0, ifp = Pmin, 

where the maximum is taken with respect to the ordering <. 

The starting data for the blowup construction of Subsection 2.3 in [VaZ] is given by 

Suppose pGv4i(/, J) and we have constructed 

(Jl) a blowup TTp-i : A^i^(/^j) — *^-^^,(7,j) of -M^ ^ j^ such that TTp-i is one-to-one outside of 
the preimages of the spaces A^^ p/ with p'<p — l; 

{12) a line bundle Ep_i — >'M{~^^jy 
For each p* > p—1, let -Mi p* be the proper transform of A^i,p* in M-ij^^ jy 

If p&Ai (/, J) is as above, let 

be the blowup of Mi^^j j-j along Mi^p . We denote by M-I^p the corresponding exceptional divisor 
and define 

Ep = 7r;Ep_i®0(7W?,p). (3.4) 
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It is immediate that the requirements (/I) and {12), with p—1 replaced by p, are satisfied. 
The blowup construction is concluded after |/9max| steps. Let 

By Lemma 2.6 in [VaZ], the end result of this blowup construction is well-defined, i.e. independent 
of the choice of an ordering < extending the partial ordering ~<. The reason is that different ex- 
tensions of the partial order -< correspond to different orders of blowups along disjoint subvarieties.^ 

Remark: If / = or |/|-F|J| = 1, we define A1i,(7,j) = Mijuj and E = E. 

We next define natural line bundle homomorphisms Si : Li — ^E* over Aiij, where Lj — ^ Mij 
is the universal tangent line bundle at the ith marked point. These homomorphisms will then be 
twisted to isomorphisms Sj on A^^ (/ j). The homomorphism Sj is induced by the natural pairing 
of tangent vectors and cotangent vectors at the ith marked point. Explicitly, 

{s,([C;z;])}([C,V])=V'x.(c)^ if 
[C]eMij, [C,v]eLi\c = T,^^c)C, [C,i;]eE\c = H\C;T*C), 

and Xi{C)eC is the marked point on C labeled by i. The homomorphism Sj vanishes precisely on 
the curves for which the ith marked point lies on a bubble component. In fact, as divisors, 

^^^'(0)= Y.Mi,p, where Bi{I;i) = {{Ip,{Ib}) €Ai{I): iele}. (3.5) 



If / and J are finite sets such that / is not empty and |/|-|-|J|>2, then Bi{IUJ;i)cAi(I,J) for 
all iel. For each iEl, let 

Lo,i = Li — and so,i = Si G i?°(A^i,(7,j);Hom(Lo,i,lEo)). 

Suppose pEAi{I,J) and we have constructed line bundles Lp-i^i — ^-M-i^tj^j) for iG / and bundle 
sections 

s,_i,G//0(A7?,7;,^);Hom(L,_i,„7r;_iE*)) s.t. s;\^{^) = ^M*" (3-6) 

p*eBi{I\Jj;i),p*>p-l 

By (3.5), this assumption is satisfied for p— 1 = 0. If 

p={lpUJp,{IkUJk:keK}) (3.7) 

^If p,p' &Ai{I,J) are not comparable with respect to ~< and p<p', ■Mi,p^ and Mi^p^ are disjoint subvarieties in 
Mi^^i^j)- However, Mi,p and Mi,p' need not be disjoint in Mijuj- For example, if 

7 = {1,2, 3, 4}, J = 0, pi2 = (({3,4}),{{l,2}}), p34 = (({1, 2}), {{3, 4}}), pi2,34 = ((0), {{1, 2}, {3, 4}}) , 

A1i,pi2 and Mi,p34 intersect at Mi,pi2,34, MiA: but their proper transforms in the blowup of A1i,4 along A1i,pi2,34 
are disjoint. 
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and is/, we define 

By the inductive assumption, Sp-i,i induces a section Sp^i of L*^(g)7r*E* such that 

p* GBi(/U J;i),p*>p 

Thus, the inductive assumption (3.6) is satisfied with p—1 replaced by p. Let 

Li = Lp^^^i -^Mx,{i,j), Si = Sp^^,i e iJ°(7Mi,(j,j);Hom(Li,rE*)). 
By (3.6), Si'. Li — >Tr*E* is an isomorphism of fine bundles. 

Remark: The line bundles Li and bundle isomorphisms Sj just defined are not the same as in 
Subsection 2.3 in [VaZ] or Subsection 2.1 in [Z4]. 

3.2 Blowups of Moduli Spaces of Genus-Zero Curves 

In this subsection we give a formula for the numbers (2.7) that involves the blowups of moduli 
spaces of genus- zero curves defined in Subsection 2.4 of [VaZ] and moduli spaces of genus-one 
curves, not their blowups. The formula of Proposition 3.1 will be used at the conclusion of Sub- 
section 3.4. 

If 7 is a finite set, let 

MI) = {{Ipdh: k£K}): K^0; 1= \_\ 4; |4|>2VA;GiC; |i^| + l/pl >2}. 

Similarly to Subsection 3.1, each element p of .4o(/) describes a smooth subvariety 

ATo,p C 7V1o,{o}u/, 

with the "principal" component of each curve in A4o,p carrying the marked points indexed by the 
set {0}UJp. There is a partial ordering -< on ^o(-^); defined analogously to the partial ordering -< 
on A\{I). If J is also a finite set, let 

M{I,J) = {((IpUjp),{4Ujfc: k^K})^M{IUJ): h^^^k^K}. 



Suppose is a finite nonempty set and g={Ii, Ji)ieii is a tuple of finite sets such that and 
\Il\ + \Jl\>2 for ah leH. Let 

Mo,Q = n-^o,{o}u/,uj, and = ^ ^-^o — > Mo,g, 

zeH leu 

where Lq — ^-A^cjoju/iUJi is the universal tangent line bundle for the marked point and 

n ■ Mo,g > -^0,{0}U/iUJi 
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• • • 



H = {1,2,3} 
|/iUJi|=2 

|/2UJ2| = |/3UJ3|=3 

Kp = {l,2,3} 

Pi = (/iUJi,0) 

P2 = (/2UJ2,0) 
P3 = (/3UJ3,0) 



Pit • • • 



K = {1,2,3} 
|7iUJi| = 2 

|72UJ2| = |/3UJ3|=3 



{2,3} 
Pi = (/iUJi,0) 

P2^(/2UJ2,0) 
P3 = (-f3UJ3,0) 



Figure 3: Typical elements of Mq ^ and Mo,p 



is the projection map. Denote by 

the tautological line bundle. 
With g as above, let 

Mq) = {{^p,{pi)i&)- ^pCH, pi(E{{IiUJi.M))}uMli,Ji)yiei<; 

pi = {IiUJi,0)\flGi<-i<p;{i<P, {pi)i^^) / (K, {Ii U Ji , 0);gK) } . 

We define a partial ordering on Ao{e) by setting 

p'=(N'p,(p0^eK) ^P=(Np,(pO/gk) 



(3.9) 



(3.10) 



if p' 7^ p, C Kp, and for every I G H either p'i = pi, p'^-ipi, or pj = {IiUJi , 0) . Let < be an ordering on 
Ao{q) extending the partial ordering -<. Denote the corresponding minimal and maximal elements 
of Aoig) by pmin and pmax, respectively. If peAoig), define 



p-1 G {0}uA(^?) 



as in (3.3). 

If p£Ao{g) is as in (3.10), let 
Mo,p 



The spaces A^q ^ and TWq ^ can be represented by diagrams as in Figure 3. The thinner lines rep- 
resent typical elements of the spaces Alo,p! , with the marked point lying on the thicker vertical 
line. We indicate the elements of ^^p C K with the letter P next to these points. Note that by (3.9), 
every dot on a vertical line for which the corresponding tree has more than one line must be labeled 
with a P. 

The blowup construction now proceeds similarly to that in Subsection 3.1 with 
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The analogue of (3.4) has the same form: 

E, = 7f;E,_i®0(A^gJ. (3.11) 

As before, we take ^ ^ 

•A^o,, = ' ^ = , = ci (t) . 

As in Subsection 3.1, the end result of the above blowup construction is well-defined, i.e. indepen- 
dent of the choice of the ordering < extending the partial ordering -<. 

We now return to the construction of Subsection 3.1. If peAi{I, J) is as in (3.7), let 
Ip{p) = Ip, Jp{p) = Jp, ^p) = K, qb{p) = [lu Jl)ieH{py 

Note that 

Mi,p Mijp(^p)ujp{p)uH{p) X Mo,gB{p)- (3.12) 

If p = 0, we set 



ip{p) = i, jp{p) = j, hp) = 0, (r,[Mo,,Bip)] 



h, ifc=-l; 

lo, otherwise. 

Let A = ci(E) be the Hodge class on M.i,n- 

Proposition 3.1 /// and J are finite sets and {c,{cj)j^j)e'ZxZ-^ , then 

{c; (c,-),-Gj>(^_j) = J2 ( ( n€'' P^i,/p(p)uJp(p)uH(p)] n^?' [^o,sb(p)] 

pe{o}uAi{i,J)\ jeJp{p) jeJ-Jp{p) 

+ {>^ll^j\ [Mi,ipip)ujpip)uHp)]){¥'^ n€'' [^o,eBiP)\ 
jeJp{p) jeJ-Jp{p) 



It is immediate that the statement holds if c<0. For each pEAi{I, J), let 

Mi,p c A^i,(/,j) 

be the proper transform of the exceptional divisor M-i p for the blowup at step p. Since Mi p is a 
divisor in A4i g j-j and the blowup loci A^i p*, with p* > p, are not contained in Mi p, Mi,p is the 
pull-back of the cohomology class determined by Mi^p under the blow-down map 

Therefore, by (3.4), 

V; = A+ ^A^i,pG//2(7Wi,g,j)). (3.13) 
peAi{i,J) 
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Furthermore, by an inductive argument on the stages of the blowup construction similar to Sub- 
sections 3.4 and 4.3 in [VaZ], 

Ml,p « Ml,(7p(p)uK(p),Jp(p)) X Mo,gs(p), i>\^^^^ « TT*Bi>, (3.14) 

where ttb is the projection onto the second component.^ The c = l case of Proposition 3.1 follows 
immediately from (3.13) and (3.14). If c>2, then by (3.13), (3.14), and X^ = 0, 

^ p€Ai(l,J) ^ peAi(l,J) peAi{l,J) 

= E {^*Br-'Mi,p + {7r*pX){7r%r-'))M,,p. 
p€Ai{I,J) 

This implies the c>2 cases of Proposition 3.1. 
3.3 Analytic Setup 

We now recall the parts of Subsections 1.3, 1.4, 3.1, and 3.2 in [Z3] needed to formulate Proposi- 
tion 3.1 of [Z3] giving a description of the difference between the two genus-one GW-invariants. 

An element of the moduli space 9Jtg^fe(X, /3; J') is represented by a stable continuous degree-/? map u 
from a pre-stable genus-y Riemann surface (S,j) with A; marked points to X which is smooth on 
each component of S and satisfies the Cauchy-Riemann equation corresponding to {J,j): 

djju = - [du + J o duo =0. 

We denote by 9Jtg^fc(X, /3; JT", u) the space of solutions to the i^-perturbed CR-equation: 

djju + ^{u) = 0. 
The perturbation term i/(n) is a section of the vector bundle 

Aj^T*S®u*rX = {r?€HomR(rE, u*TX) : J o r] = -r] o j} — ^ S 

and depends continuously on u and smoothly on each stratum Xt{X, (3) of the space Xg^k{X^ P) of 
all continuous degree-/? maps that are smooth (or with p>2) on the components of the domain. 

^The induction begins with (3.12) and X\j4^ ^ =7rpA. One then shows that 

A^i,/ « A^i,(/p(p)uN(p),jp(p)) X Mo,gB(p), ci(Ee_i)|-^p-i = TTp'i/j, 
and the normal bundle of Mi^p^ is Trp¥,*^ngFg^(^py Thus, 

Mi^p « Mi,(ip(p)un(p),jp(p)) X Ml^gg(p), ci(Ee)|7^p ^ = 7rsCi(Eo). 

The proper transforms of TMi ^ under blowups along A^i_p*^ with p ^ p* correspond to blowups of the second 
component of Mi^p and the twisting (3.11) changes 7r|jCi(Eo) to 7r|jCi(E). 
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More formally, is a multi-section of a Banach orbi-bundle r^'^(X, /3; J") over Xg^ki^, P)-'^ 

Suppose m E Z"*", J is a finite set, and /? G H2{X;Z). If z/ is a perturbation on the spaces 
^0,{Q}uJi{XiPi) as above, with JjC J and f3i^H2{X\'L) such that oo{(5i)<uj{f3), let 

M^rn,J){X,(i\J,v) = \ {bi)ie[m] ^ J] ^o,{o}uj, A; J, : A £ i?2(X; Z) - {0}, JiCJ; 

i=i 

^Pi = P, U ^i = ^, evo(6i) = evo(6i/) Vz,z'G[m] I. 

i=i i=i ^ 

Let /?; J', I/) C j) (X, /3; J", z/) be the subspace consisting of m-tuples of maps from 

smooth domains. Define 

{X, Pi; J, v), 

G H^P {m^m,J) {X, P; J,i^)), evo : (X, /?; J) X, 

as in Subsection 2.1. 

We will call a perturbation v on ^clojujl-'^) Z^) supported away from if vanishes on 
a neighborhood of the marked point xq for every element of Xo,{o}uj(^! In such a 

case, u is holomorphic on a neighborhood of the marked point xq for every element [S,it] of 
'^o,{o}uj{X, P; J iv)- Therefore, there is a well-defined (C-linear) vector bundle homomorphism 
(VBH) 

Vq-.Lq — > ev^TX, [T,,u]w] — >• du\xoW if we Lo|[E,.a] = T^qT,, 

over ^o,{o}uj{X, P; J ■, v)- If m, J, and v are as in the previous paragraph and v is supported away 
from xo, we obtain m VBHs 

<I?o:<i^o^evSrX 

over 3Jlo^(^^j)(X, i7, z/). The difference between the standard and reduced genus-one GW- 
invariants is described below in terms of these VBHs and the homomorphisms Sj defined in Sub- 
section 3.1. 

In the genus-one case. Definition 1.2 in [Z3] describes a class of perturbations v called effectively 
supported. These perturbations vanish on all components of the domain of a stable map u on 
which the degree of u is zero, as well as near such components (including after small deformations 
of [S,it]). If fes is effectively supported, is an elements of 9[)Ti,yk(X, J", fgs), and u has 

degree on a component Sj of S, then u is constant on S. For a generic effectively supported 
perturbation z^es, /3; fcs) has the same general topological structure as 9Ki^fc(P"', d). In 

particular, if (X, J) is sufficiently regular (e.g. a low-degree projective hyp ersur face), i^es can be 
taken to be for our purposes. 



^The topological and analytic aspects of the setup in Subsection 1.3 of [Z3] are analogous to [FOn] and [LT], 
respectively. 



20 



A stratum Xr of /3) is specified by the topological type of the domain S of the stable 

maps u in Xr, including the distribution of the k marked points, and the choice of the components 
of E on which the degree of u is not zero. A stratum Xt of /3) will be called degenerate 

if the degree of any map u in Xt on the principal, genus-carrying, component(s) of its domain is 
zero. The restriction of u to a component Sj « S"^ of S on which the degree of u is not zero defines 
a projection 

TTr-i-Xr — ^ y Xo,KiUJi{X,(3i) (3.15) 

9ieH2{X;Z)-0 

for some Ji C [k] and finite set Ki consisting of the nodes of Sj. If Xt is degenerate, Ki has 
a distinguished element, the node closest to the principal component(s) of S; it will be denoted 
by 0. As in Subsection 3.2 in [Z3], let <3f^{X,f3;J) be the space of all effectively supported 
deformations v^s such that for every degenerate stratum Xt, [E, u] G Xt, and every component 
Sj 5^ of S on which the degree of u is nonzero 

l^es{u)\Y,, = {Trr;i''T;i}{u)\Y,i (3.16) 

for a fixed (independent of u) perturbation i/r;^ on the right-hand side of (3.15) such that for every 
pieH2{X;Z)-0 with Lu{Pi)<Lo{p): 

(gdl) the linearization 

Dj,ur.,i;b- {^er{^b;ulTX): axom = 0} T{^,; Af.T*^i,^ulTX) (3.17) 

of dj + vr-i at b is surjective for every 6=[S(„ii(,] G ^o,KiUJi{X, I3i\ J ,vr;i)\ 
(gd2) the restriction of the section 

Vo e r(Mo ,KiUJi {X, Pi- J, i.r;i); Hom(Lo, evlTX)) 

to every stratum of '^Q^KiUJiiX, I3i; J , i^T;i) for which the degree of the maps on the compo- 
nent containing xq is nonzero is transverse to the zero section. 

If mGZ+ and Jc[k], let 

SDT^;^(X, (3; J, z^es) C Mi,k{X, /?; J, v) 

be the subspace consisting of the stable maps [E, u] such that S is a union of a smooth torus Sp 
and m, spheres attached directly to Sp, the degree of u is zero on Sp and nonzero on each of the m 
spheres, and Sp carries the marked points indexed by J. If Vf.^^<Si^^{X,(i\J^^ there is a natural 
splitting 

9Jt7;^(X,Av7,z^es) ~ (A^i,Hujx9?r(^,[fe]_j)(X,^; J,z.s))/5„„ (3.18) 

where M.\\m\uj ^\\m\uj is the subspace of smooth curves and vb is a perturbation supported 
away from xq. With our assumptions on z/gs, vb is in fact effectively supported. Furthermore, 
SPt(^,[fe]_j)(X, /?; J", z/fi) is stratified by smooth orbifolds (in the sense of Remark 1 in Subsec- 
tion 1.3 in [Z3]) with the expected normal bundles (i.e. analogously to 9Jt(„ [^,]_j)(P"', d)). The 
splitting in (3.18) extends to an immersion over the closures, from the right hand side to the left. 
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Let /Li be a tuple as in (2.3) and (2.4). As in Subsection 3.1 in [Z3], choose generic pseudocycle 
representatives fj : Yj — > X for the Poincare duals of the cohomology classes fij and let 

j=k 

be the preimage of the diagonal A^C (X^)*^ under YljZii^^j x fj)- Let 

Mi,k{X, /3; J, i/es; n) C Mi,k{X, (3; J, Ves, (/j)je[it]) 
be the zero set of a section (p of the vector bundle 

j=k 

= CjL* {X, (3; J, u^; {fj)je[k])- 

For good choices of fj and cp, the splitting (3.18) induces a splitting 

j=k 

dJl'^'/iX, (3- J, z^es; n) = (^Tki^^ ^es) X TT Yj) n Tti,k {X, (5- J, v^- f,) 

^ ' i=i ^ (3.19) 



for all m G Z+ and J (Z[k\. This splitting extends as an immersion over the compactifications. 
Denote by 

TTp,TTB- -A^l,[m]Uj(^)xOJl(„,^[fe]_j)(X,/3; J' ,1/^;/^) > A4l,[m]Uj(A') X j) (X, /3; Z^Bi /i) 

the two component projection maps. With Si as in Subsection 3.1 and Vq as above, define 

i=m i=m 

'^T/ '■ TTpLj (g)7r57r*Lo — > Tr*pE* ^-K^ev^TX, ivi^Wi)^^^^-^ — > ^ Si{v)(E)Vo{wi). 
i=l i=l 

This is a VBH over Xi,[m]uj(M)x9?t(m,[fc]-j)(-'^, P; J, ^b;h), which descends to'M^'k {X, (3; J, u^s; n). 

Finally, suppose is a compact topological space which is a disjoint union of smooth orbifolds, 
one of which, A^, is a dense open subset of M., and the real dimensions of all others do not exceed 
dim At -2. Let 

E,0 — 

be vector orbi-bundles such that the restrictions of E and O to every stratum of M. is smooth and 

Y\<iO — rkE = ^dimRTM. 

If a G r(A4; Hom(£', O)) is a regular section in the sense of Definition 3.9 in [Zl], then the signed 
cardinality of the zero set of the affine bundle map 

V'a,£>=a+z^: E — >0 

is finite and independent of a generic choice of v^T^M.; O), by Lemma 3.14 in [Zl]. We denote it 
by N{a). 
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Proposition 3.2 Suppose {X,(jj,J') is a compact almost Kahler manifold of real dimension 2n, 
k e Z+, /3 G H2{X;Z), /x is as in (2.3) and (2.4), and G ©fj, (X, /3; J") . // the pseudocycle 
representatives fj and bundle section are chosen generically, subject to the existence of a split- 
ting (3.19), then 

oo 

G^iM - GWf = Y.Y. (3-20) 

m=l Jc[fe] 

where C^jf{d) is the B- contribution ofdJ^'^{X,P\J,u^s'ilJ') to GW^j^.(;u). It is given by 

CT/id) = N{VT/), (3.21) 

where T>^jf is a viewed as a vector bundle homomorphism overWt^J^ {X, /?; ^7, i/gg; /x). In particular, 
^Tk regular. 

This is the essence of Proposition 3.1 in [Z3]. While Subsections 3.1 and 3.2 in [Z3] exphcitly treat 
only the case without descendants, i.e. Cj = for all j G [k], exactly the same argument applies 
in the general case. The notion of 9-contribution of a stratum to GW^j,(/x) is made precise in 
Proposition 3.1 in [Z3], but (3.20) and (3.21) suffice for our purposes. 

3.4 Topological Computations 

In this subsection we express the numbers (3.21) in terms of cohomology classes and GW-invariants 
and thus conclude the proof of Theorem lA. 

With notation as in the previous subsection, let 
Equation (3.21) can be restated as 

CT/{d) = N{VT/)/m\ (3.22) 
with V^j/ viewed as a VBH over A1ijm]uj(^) x 5Jl(m,[A:]-j)- It is straightforward to see that 

where V'^jf is the VBH over A^i,([m],j)(/^) x9Jl(^_[fc]_j) given by 

i=m i=m 

^T,k ■ © T^*pLi^T^*Bn*Lo Tr*pE*m*Bev*oTX, ( 

— ' XI Siiv)<S)T>o{wi), 
i=l i=l 

with Li and Sj as at the end of Subsection 3.1.^ 



*j^i,[m]uj(M) is the zero of a section (pj of the vector bundle V'^;j = ®j^jCjLj over A^i,[m]uj such that the 
restriction of (pj to every blowup locus is transverse to the zero set. A4i,([m], j)(a*) is the preimage of Mi,[m]uj{lJ') 
under the blow-down map Mi^([m],j) — >-Mi^[m]uj- 
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Since Si : Li — > E* is an isomorphism for all i € [m] , 

where ids* is viewed as a VBH on A^i,([m],j)(A*) ^^'^ ^(m,[fc]-J) the VHB on ^(rn,[k]-j) defined by 

i=m i=m 

^(m,[fc]-J) : F{m,[k]-J) = 7r*^o — > evoTX, (w^i)iG[m] — ' 'Doiwi). 

i=l i=l 

This vector bundle homomorphism induces a VBH over the projectivization of i^(m,[A;]-j)- 

■Do e r(^o^_[,]_^); Hom(Eo; ev^TX)) , where = Pi^(m,[fc]-J), = 7(m,[fc]-J), 

and 7(m,[fc]-j) — *'lP-f(m,[fe]-J) is the tautological line bundle. It is straightforward to see from the 
definition that 

N{7r*pidE* «)vr|jP(„jfc]_ J)) = N{7r*pidE* (E)7r*pVo) . (3.23) 

By (gdl) and a dimension-count as below, PF^m,[k]-J) is stratified by orbifolds with the expected 
normal bundles and T>q does not vanish on every stratum of IP-^(m,[fc]-J) which its restriction is 
transverse to the zero set (unless A1i^([ot]^j)(//) is empty). Using (gd2), the strata of PF(^ on 
which X>o is not transverse to the zero set can be described as follows. 

If J is a finite set and PeH2{X;Z), let 

•^o{J) = {{m;Jp,JB):meZ'^; Jp, Js C J; m+| Jp| >2}; 
M(o,j) {X, (3- J, vb) = Mo,{o}uj(^, J. ^b). 

li a = {m; Jp , Jb) is an element of ^o(<^)) let 

m^{X,p;J,UB)cmo,{o}uj{X,P;J,iyB) 

be the subset of consisting of the stable maps [S, u] such that 

(i) the components of E are E j = with i G {P} U [k] ; 

(ii) n|sp is constant and the marked points on Sp are indexed by the set {0}Ujp; 

(iii) for each i£ [m], Sj is attached to Sp and u\-£^ is not constant. 
We denote by 

Ma{X, /?; J, ub) C Mo,{o}uj(^, /3; J, ^b) 

the closure of 93to-(X, /3; J, ub)- In each diagram of Figure 4, the irreducible components of S are 
represented by lines, and the homology class next to each component shows the degree of u on that 
component. We indicate the marked points lying on the component Ep only. 

If mGZ+ and J is a finite set, let 

i=m 

Ao{m\J) = {((cTi)je[^], Jb) : (crj,0)G{(O,0)}U^(Jj,p), {(Ti)i^\jri]^{Q)i^[rn]\ U Ji,P = J-JB}- 

i=l 
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m = 2, Jp = {ji} 



Figure 4: Examples of partial ordering (3.24) 

If Q= ((crj)jg[^], Jb) is an element of ,4o(m; J), we put 

•^p{q) = [ie[m]: Gii^Qi] and )^s{q) = [i£[m]: ai = f)] . 

Here P and S stand for the subsets of principal and secondary elements of [m] , respectively. Note 
that Kp(£i)7^0 for all Q&Ao{m;J). Let 



93t, 



%=rn i=rn i=rn 



i=l 



1=1 



evo (feii ) = evo (6i2 ) V zi , ^2 e | . 



This is a subspace of 9Jl(^ JT", z^s). 

With /X as before and ^G^(m; [A;] — J), let 



_ _ _ _ 



Define 



CP 



(m,[fc]- J) I ' - ^^e;-P ^ ^(m,[fc]- J) ■ 



It is immediate from the definition of that it vanishes identically on 271^ for every element q 
in A{s{m,\ [fc] — J), since X>o vanishes identically on the strata of 9Jto,{o}ujj (-'^i A; ^^b) for which 
the degree of the maps on the component carrying the 0th marked point is zero. On the other 
hand, by (gd2), the restriction of Pq to any stratum of 9Jt^^ in the complement of every 

SCt^ is transverse to the zero set and thus does not vanish by a dimension count as below (unless 
•^i,(H,J)(m) is empty). 

As described in Section 3 of [Zl], the number N{Vo) is the euler clas^ of the quotient of the target 
bundle of "Dq by the domain line bundle minus a correction from 'D^''^(0). The correction splits 
into contributions from the strata of ^^^(O) each of which is again the number of zeros of an affine 
bundle map, but with the rank of the target bundle reduced by at least one. The linear part of 
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each affine bundle map is determined by tlic topological behavior of Vq in the normal direction to 
each stratum. This behavior (for Vq and thus for Vq) is described in Subsection 2.4 of [Z3]. Thus, 
by iteration, one obtains a finite tree of cohomology classes at the nodes which sum up to N{Vq). 
The tree in this case is similar to a subtree of the tree in Subsection 3.2 of [Z2], but twisted 
with E*. Thus, N(T>q) can be expressed in terms of cohomology classes by a direct, though labori- 
ous, computation nearly identical to the one in Subsections 3.1 and 3.2 in [Z2]. This time, we will 
instead compute N{Vq) by blowing up SOt^^ [fe]-J) twisting Vq to a nowhere- vanishing vector 
bundle homomorphism This construction is a direct generalization of Section 3 in [VaZ]. 

Define a partial ordering on the set Ao{J) by setting 

a' = {in';Jp,J'B)-<a = {in;Jp,JB) if a' ^a, m' <m, J'pCJp. (3.24) 

Similarly to Subsection 3.1, this condition means that the elements of V}lcr'{X, (3; J ,1/) can be 
obtained from the elements of ^)Jla{X, /3; J', ub) by moving more points onto the bubble components 

or combining the bubble components; see Figure 4. The bubble components are the components 
not containing the marked point 0. Define a partial ordering ~< on Ao{m\ J) by setting 

Q' = {{<^'i)ie[m\,J'B) < Q={{(^i)i&[m\,JB) (3.25) 
if q'^q and for every iG[m] either a[ = (Ji, (cr^, 0) -<; ((jj, 0), or a[ = Q. Note that 

q'-<Q =^ ^p{q') '^^p{q)\ Q={{muJi,p)ieHp{e),{^)ieiis{s)''^B) (3.26) 

for some mj and Ji,p. Choose an ordering < on Ao{m; J) extending the partial ordering -<. Denote 
the corresponding minimal element by ^min and the largest element for which dJlg is nonempty 
by ^>max- For every QeAo{m; J), define 

Q-1 e {0}U^(m; J) 

as in (3.3). 

With g as (3.26), let 

QP={[mi],Ji,p)i^^p(^gy rnsig) = \^s{q)\ + Jb{q) = Jb, and Gq= 

ieKp(e) i&<p{e) 

With A^o,ep ^ Subsection 3.2, there is a natural node-identifying immersion 
It descends to an immersion 

'^0,8- {■^a,epi^)^'^{mB{Q),JB{Q))) / ' ^(m,[ik]-J)' 

which is an embedding outside the preimages of 9Jt°, with g' -< g. 
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As in the blowup construction of Subsection 3.1, we inductively define 

to be the blowup of along the proper transform ^Jf}lg~^ of 9Jl^ in ^Jt^^^^^j j^. If 971^ C 

^fm [fc]-J) ^® exceptional divisor, let 

E^ = 7f;E^_i0O(M^). (3.27) 

The vector bundle homomorphism X>g_i : Ep_i — ^ev^TX induces a section 

^.er(^^^^j,j_,^;Hom(E„ev5rX)). 



As described in detail in Subsection 3.4 in [VaZ] (in the case (X, J) =P"), to,^ induces an immersion 
and an embedding 

t^Q-hQ- (■A^o,ep(/^)x9K(„^(^)^j^(g)))/Gp — '^1m\k]-.jy 
Thus, the centers of all blowups are smooth (in the appropriate sense) and 

Furthermore, 

7f;ci(E^_i)|gj, = Tr*p4^, ci(E^)|^ = 7r^ci(7(^^(^),j^(g))), (3.28) 

where 

are the projection maps. Finally, the restriction of Vg to every stratum of [k]-J) ^'^^ contained 
in the proper transform DJl^* of 971^ for any g* G Ao{m; [k] — J) with > ^ is transverse to the 
zero set.^ 

Define 

^(m,lk]-J) = ^ = K..ax, ^m,lk]-J) e r(M(^,[fe]_j);Hom(E(^,[fe]_j),evSTX)). 

As can be seen directly from the definition, 

Ar(7rpidE*<8)7rsr»o) = N{TT*pidE*^TT*BV(^^^[k]-j)), 
where the maps vrp and ttb on the right-hand side arc the two component projections 

-'^1. ([/)(]. X '^{■m,[k]-J) >■ •^l,(H,J)(M))^(m,[ifc]-J)• 



'^This statement is obtained as in Subsection 3.4 in [VaZ], using the description of the behavior of Do in Subsec- 
tion 2.4 in [Z3] and the assumption (gd2). 
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On the other hand, by the previous paragraph, the restriction of 1^(m,[k]-J) to every stratum of 
^(TO,[fc]-J) is transverse to the zero set. By (2.1), (2.2), (2.4), and (gdl), 

dimAli,([^],j)(/x)x^(^jfe]_j) = 2(n-m) + 2(m-l) < 2rkc(7r|,E*«)7r^ev^rX). 

Therefore, vrpide* i8)7r^^^(m,[fc]-j) is injective and thus 

(3.29) 

= ^{e{{7r*pE*m*BevlTX)/{7r*pE*m*BE)), [Mi,iim],j){^')x^(m,[k]-J)])- 



Remark: Since ci(E*)^ = = 0, the last expression in (3.29) is zero if m + [ J[ > 1 and Cj = 
for ah j € J. Thus, if fi involves no descendants, i.e. cj = for all j G [k], the only stratum 
of 9Jti^fc(X, /3; ^7, fcs) contributing to the difference between the standard and reduced genus-one 
degree-/? invariants corresponding to n is 9Jl}'^(X, /3; JT, i/es)- 

It remains to express the right-hand side of (3.29) in terms of GW-invariants. Let 

(/^)i,Huj = (n^?' [^i.Huj]), <^;/^>i,Huj = (^n€'' [^i,Huj]), 
jeJ jeJ 

jeJp{g) 

Ao{m;[k]-J) = {0}UAo{'m;[k]-J), Ai{I , J) = {0} U Ai{I , J) . 
Since X'^ = 0, by (3.29), 

^ p=l 

n-1 



p=i 



(3.30) 



For each Q&AQ{m; [fe] — J), let tt^: '^{rn,[k]-J) — ^^\m [k]-J) blow-down map. By (3.27), 

ci(E) = 7fo*ci(7(„,,[ifc]-j)) + ^P^l =^ 

geAo{m;lk}-J) 

geAo{m;[k}-J)q=l ^ q'Kq ^ ^ q'<q ^ 

= 7:*ocihim,[k]-j)y~' + E (e {K^i{^s-ir-'-'ci{E,r-') nmi\ . 

g£Ao{'m;[k}-J) \ 9=1 / 
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Note that for every gGAo{m; [k]—J) 

with (mB(0), Jij(0)) = (m; [k]-J) and |Go| = l- 
Thus, by (3.28) and (3.30), 

p=nq=p r 

cT/id) = E EE (-^r-'{^'-'-'■^^^)M (3-31) 

peA(m;[fc]-J)P=l 9=1 I 

X (^</^>i,HujGWf^^(^)_^^(^))(r?,_„^(^),c„_p(rX);/x) 

where we set 

/jr \ _ /l> ifr = -l; 
^^'^/(O'M- jo, otherwise. 

Most terms in (3.31) vanish for dimensional reasons. By (2.6), 

oo n—m* f 

clfid)=i: E E E (-l^-"^*"''"*■^*^'^^Gwf„^.*)(^.'-^.^..(.)-.'/^) 

m*=mJcJ*C[k]peAi([m*],J*) ?=0 

\Ip(.p)\ + mp)\=m 

Jp(p)=j 

Summing over all (m, J) as required by (3.20) and using the last expression in (2.5), we obtain 

oo ( 

GWf,,(/.) - GWf °(;.) = E E (-l)-*+l^*l---('^) 

m*=lj*c.{k\ I 

^ 9=0 ^ 

^ I \^/l,7p(p)Ujp(p)UH(p)\^ '^/(o,es{p)) 

pG^l([m*],J*)^ 

^ \^'t^/i,ip{p)ujp(p)un(p)\y^ '^/(o,es(p)) J (■ 

Finally, Proposition 3.1 reduces the last expression to the statement of Theorem lA. 
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Remark: Since r^]_j) is not a complex manifold, some care is needed in constructing its 
"complex" blowups. These are obtained by modifying normal neighborhoods to the strata of the 
blowup centers in the expected way. The information needed to specify the normal bundles to such 
strata is described in Subsection 2.4 of [Z3]. Similarly, (3.27) describes a twisting of line bundles, 
not of sheaves. In fact, we know a priori that N(T>q) depends only on the topology of the situation: 

(Tl) the domain and target bundles of Vq; 

(T2) the normal bundles to the strata of P^^(O); 

(T3) the topological behavior of Vq in the normal directions to the strata of X>^^(0). 

By constructing a tree of chern classes, as suggested above and similarly to Subsection 3.2 in [Z2], 
one can obtain a universal formula expressing N{T)q) in terms of the chern class of (Tl) and (T2) 

evaluated on the closures of the strata of Pj^^(O), with the coefficients determined by (T3). If such 
a universal formula holds in the presence of additional geometry (e.g. in the complex category), it 
must hold in general. Thus, it is sufficient to obtain a formula for N{T>q) assuming [k]-J) ^ 
complex manifold. 

Department of Mathematics, SUNY, Stony Brook, NY 11794-3651 
azinger ©math . sunysb.edu 
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